A scheme for improving the sensitivity of quantum thermometry is proposed where the sensing quantum system used to recover the temperature of an external bath is dynamically coupled with an external ancilla (a meter) via a Hamiltonian termĤI . At variance with previous approaches, our scheme relies neither on the presence of initial entanglement between the sensor and the meter, nor on the possibility of performing joint measurements on the two systems. The advantages we report arise from the fact that the presence ofĤI interferes with the bath-sensor interaction, transforming the sensor into an effective transducer which extracts the intrinsically incoherent information on the bath temperature, and maps it into coherences in the meter where it can finally be recovered by local measurements.
I. INTRODUCTION
The aim of thermometry is to estimate with high precision the temperature T of a thermal bath, and a thermometer consists of a probe system which is put in contact with the bath of interest. By monitoring the state of the probe one seeks to recover the value of T . If the probe is small, this has the advantage of inducing a negligible disturbance to the thermal equilibrium of the reservoir. The same principle applies in the quantum regime and substantial interest has recently been devoted to the design and properties of sensitive quantum thermometers [1] [2] [3] [4] [5] [6] [7] [8] [9] .
By employing single or few-body quantum probes it has proven possible to obtain very precise temperature readings at millikelvin temperatures with spatial resolution at the nanometer scale. For instance, single quantum dots and NV-centers in nanodiamonds experience frequency shifts which depend on the temperature of their surroundings, thus allowing their implementation as sensitive fluorescent thermometers [10] [11] [12] [13] [14] [15] . Other designs utilize mechanical oscillators or spin systems [16, 17] . By supplying such devices, the advancement of quantum technology and metrology paves the way for profound developments in many different branches of science, ranging from material sciences to biology and medicine [11, 12] , which would otherwise be infeasible due to current less efficient and(or) invasive measurement probes.
In a generic quantum thermometer, the temperature of the bath is encoded in the evolving quantum state ρ(t) of the probe and may hence be read out by measuring this state after a given t. If a large number K of such independent measurements are performed, the variance (∆T ) 2 of the derived temperature estimate around a rough prior estimate T obeys the quantum Cramér-Rao bound * kiilerich@phys.au.dk [18] [19] [20] [21] ,
Here I T [ρ(t)] is the Quantum Fisher Information (QFI) which quantifies the information encoded in the state ρ(t) at time t about the temperature T . In an intuitive, geometric picture, it is defined by the change in the state, measured by Bures metric, as the temperature changes by an infinitesimal amount [19] . There exist in general a (possibly adaptive) measurement protocol which closes the bound (1) as K becomes large. A well-designed thermometer should thus aim at maximizing the value of I T [ρ(t)]; a task which corresponds to an optimal encoding of the temperature in the state of the probe. In conventional thermometer setups, the encoding is characterized by incoherent exchanges of energy between the probe and the bath. The temperature is thus effectively encoded in the excitation of the probe system which quickly thermalizes with the bath to reach a steady state ρ. At this point, the Fisher information saturates at the value I T [ρ] and no further information is encoded as time progresses. Hence such a quantum thermometer operates as a classical sensor, utilizing only populations, while not including the advantages offered by quantum mechanics which rely on quantum coherences and entanglement [22] [23] [24] . Previous studies suggest that initial coherences in or simultaneous coherent driving of a single (qubit) probe system do not improve its thermometric properties; see e.g. [2] . To overcome this problem, it has been proposed to map thermometry to a task of optimal phase estimation which allows quantum advantages to be utilized [6] .
In this work, we propose a thermometer consisting of two separate quantum systems: a sensor S directly coupled to the thermal bath of interest and a meter M which is not directly coupled to the bath but instead serves as an information storage that can be read out at the final time t; see Fig. 1 . While initial entanglement between the sensor and a meter system has been found to provide thermometric advantages in discriminating two Figure 1 . The temperature T of a thermal bath is probed by a quantum thermometer consisting of a sensor system S, directly coupled to the bath, and a meter system M , uncoupled from the bath but interacting via a HamiltonianĤI with S.
distinct temperatures [5] , we shall not rely on this effect nor on the possibility of performing joint measurements on S and M . On the contrary, in our approach we assume the sensor and the meter to be initially uncorrelated but coupled through an interaction Hamiltonian termĤ I which operates in parallel with the thermalising process affecting S. The main purpose of this extra dynamical contribution is to transform the sensor into an efficient information transducer between the bath and the meter. The bath-induced excitations of the sensor affect the (local) coherence terms of the meter system, creating an off-balance configuration that effectively overcomes the before-mentioned saturation problem and therby results in considerably larger values of the associated quantum Fisher information.
Our presentation is structured as follows. In Sec. II we present our model and show how the dynamical evolution of the sensor-meter state may be solved analytically. In Sec. III we evaluate and discuss the QFI associated with the state of the meter system, and we demonstrate the performance of our thermometer device for a two-level and a multi-level meter system. In Sec. IV, we discuss the advantage our proposal in terms of the structure of the Liovillian superoperator, governing the evolution of the full sensor-meter system. Finally, in In Sec. V, we conclude and provide an outlook.
II. MODEL
For concreteness, we assume a bosonic bath and we consider a two-level (qubit) sensor system S with ground state |g S and excited state |e S whose interaction at strength γ with the bath validates the Born-Markov approximation such that its state ρ S (t) evolves according to a master equation of the Lindblad form [25, 26] ,
where the Liovillian super-operator is
and we define D[â] =â·â † −{a † a, ·}/2 with {·, ·} being the anti-commutator. Here ω is the characteristic frequency of S and the temperature is mapped to the evolution of the probe via the average number of resonant thermal excitations N , as given by the Bose distribution
causing a decay at a rate γ − = (N + 1)γ and excitation at a rate γ + = N γ. It was shown by Correa et. al.
[2] that an effective twolevel system exhibits maximal thermal sensitivity and the use of a small quantum sensor is further motivated by the fact that often the bath is itself a nanoscale system; e.g. a micromechanical oscillator [27] . Additionally, Ref. [2] finds that temperature is encoded with highest accuracy in a qubit prepared in its ground state. In this case, the solution to Eq. (2) is
with p e (t) = N 2N +1 (1 − e −(2N +1)γt ) which quickly relaxes to the Gibbs canonical ensemble at the temperature T of the bath; that is
− ω/k b T on time scale set by the rate (2N + 1)γ.
The QFI for a measurement performed directly on the state of S can be expressed as
(dp e /dT )
This function exhibits a non-monotonic behaviour [2, 3] which from the zero value attained at t = 0 brings it to the asymptotic value
as the state ρ S (t) approaches ρ S . Although local maxima can typically be identified at finite times t, the global maximum of the function (6) corresponds to the maximum of (7)
A. Including a meter system
While the time-independent value of the QFI, I T [ρ S ] reflects a steady state which depends only weakly on the temperature, it is well-known in quantum metrology that the Fisher information associated with a parameter g encoded in a closed quantum system by a unitary transformation U = e −igĤt is given by [20, 23] ; i.e. it exhibits a persistent t 2 -scaling with time and does not reach a constant value. This difference is due to the role of coherences in the latter case, and it is enticing to seek a protocol which maps the incoherent temperature encoding in mixed state populations to coherences.
In order to circumvent the inevitable loss of coherence in the open sensor system S due to the thermal coupling, we propose to achieve this goal by introducing a second meter system M which is uncoupled from the thermal bath. The temperature is encoded in M by introducing a Hamiltonian coupling between S and M of the form,
whereM is an operator on the local space of M . If, for instance, M is a qubit, one might letM = Ω/2σ x . Beyond the simplicity of its expression, what makes such choice forĤ I appealing is that it then describes a Rabi drive of the meter qubit conditioned on S being in its excited state. Such an interaction can be realized by utilizing the dipoledipole coupling between two spins which leads to an energy shift. For example, rare-earth-ion dopants in inorganic crystals have permanent electric dipole moments which are different depending on whether each ion is excited or not [28, 29] . A continuous laser illumination of a meter ion can thus be resonant when the sensor ion is in its excited state and completely off-resonant when it is in the ground state. Another well-known example is the dipoledipole potential between neutral atoms responsible for the Rydberg Blockade mechanism [30] , and yet another is the hyperfine coupling between a nuclear spin and an electron spin in, e.g., NV centers [31] [32] [33] . The state ρ(t) of the full system, consisting of S and M obeys a master equatioṅ
where L T , defined in Eq. (3), operates locally on the sensor system. The spectrum ofĤ I can be seen as a sequence of effective two-level systems, uncoupled by the thermal interaction (L T ), with ground states |m ⊗ |g and excited states |m ⊗ |e where the |m are eigenstates of the operator M with corresponding eigenvalues λ m ,
The total population difference between the upper {|m ⊗ |e } m and lower manifolds {|m ⊗ |g } m hence represents the information available from S alone, while the information encoded in M is represented by the coherences amongst the individual two-level transitions. Following this idea, we expand ρ(t) in the eigenbasis of M ,
Here the ρ mm (t) operate on the sensor qubit space, and the A mm = m | ρ M (t = 0) |m are defined by the initial state ρ M (t = 0) of M . From the master equation (9), the equations of motion for the ρ mm (t) are seen to be,
where 
with α(N ) = (2N + 1)γ 2 − Ω 2 mm + 2iγΩ mm , a complex parameter, are not normalized but rather decay to zero at long times.
III. QUANTUM FISHER INFORMATION
As detailed above, the simple form of the Hamiltonian Eq. (8) allows the dynamical evolution of the full system to be solved analytically for a general meter operatorM , and it is clear that the solution and hence the thermometric properties of our device depend only on the spectrum of the operatorM .
Tracing out M , we recover the thermalizing state of S, Tr M (ρ) = m A mm ρ mm (t) = ρ S (t) where we used that m A mm = 1. Note that in the partial trace operation all coherence terms with m = m cancel. This implies that the QFI associated with a measurement on the sensor S alone is not influenced by the presence of the meter M and is indeed encoded in the total population difference between the manifolds as argued above.
The reduced state of M is given by
where we used that the ρ mm (t) obey a trace preserving master equation. Since the first sum depend only on the initial state of M , it is evident that the temperature is indeed encoded purely in its coherences. Furthermore, it is clear that the performance depends critically on the initial preparation of M . If, for instance, it is prepared in an eigenstate |n , we have A mm = δ m n δ nm , and its state ρ M (t) is temperature independent. The optimal initial state |ψ M (t = 0) = m c m |m , which due to the convexity on the QFI is pure, depends in general on the spectrum of the operatorM , but we note that since any phases correspond to a unitary transformation of the meter state, to which the QFI is invariant [20] , the c m can be taken as real and positive.
A. Example: Two-level meter
Our main example concerns a meter system with two levels, |0 and |1 , and for concreteness we shall letM = Ωσ x /2, corresponding to a conditional Rabi drive of M as explained above. To maximize the coherences in the eigenbasis ofM , the meter should be prepared in a state |0 = (|+ + |− )/ √ 2, where |± are the eigenstates of σ x .
In Fig. 2 , we compare the QFI associated with either of the reduced states, ρ S (t) or ρ M (t), to that of the full sensor-meter state ρ(t)
, and at larger times γt = 20 the information in the combined state is held predominantly by M . Furthermore, at this point
Evidently, the capability of the meter system to accumulate information for a much longer time allows it to reach a significantly larger thermometric sensitivity.
It is an attractive feature of our device that after some initial time, a local measurement on the meter M is able to extract almost all the information from the state. This makes the thermometer more feasible to implement, and at the same time less invasive since M may, as depicted in Fig. 1 , be located outside, e.g., a biological sample. To characterize our quantum thermometer, we shall thus focus on the long-time behavior of the QFI, associated with the reduced state ρ M (t) of the meter M alone.
The QFI of a two-level density matrix may be expressed as [34] ,
and the color plot in Fig. 3(a) shows an example of its evolution from time γt = 0 to γt = 1.000 for a relevant range of temperatures. In 3(b) we plot I T [ρ M (t)] at specific times from t = 100γ −1 to t = 100.000γ −1 . The sensitivity of M depends on the temperature T relative to the frequency ω of S and reaches a maximum at a temperature T max (t) which, as seen in Fig. 4 , decreases with time (we will come back to this point). The QFI, I T [ρ M (t)] at and around this temperature reaches values which are much larger than the sensitivity offered by a sensor qubit alone;
2 . It should be noted that Fig. 3b shows how the temperature-range, at which M is sensitive, decreases with time, and that though it appears that the sensitivity at T max (t) increases without bounds, our treatment of the thermal coupling in the Born-Markov approximation breaks down for very low temperatures where strong correlations between the sensor S and the bath may appear.
The strength Ω of the Hamiltonian (8) appears as a control parameter, and in Fig. 4 , we show T max (t) and the corresponding QFI, I Tmax [ρ M (t)] for different values of Ω. For small Ω γ, the sensitivity of M can be tuned within a relatively broad interval by adjusting Ω, while it is near independent for stronger interactions; see Ω = 2, 4γ in the figure. The value of I Tmax [ρ M (t)] is at short times larger for strong couplings while at later times it is favorable to apply a weaker laser field to the meter M . This can be understood by a competition between the two roles played byĤ I : i) to transfer information about the temperature from S to M , and ii) to mediate decoherence between the two systems. Hence, at short times it is favorable to transfer a large amount of information quickly at the cost of a faster dephasing of that information, while when longer time is available a slower transfer is compensated by a longer coherence time of M . From Figs. (2,3) , it is clear that the interesting regime concerns large times, and that the relevant temperature range is centered around k b T / ω 0.2 which corresponds to small values N 0.007 of the thermal bath excitation [1, 2] . Assuming then Ω γN and γt 1, we obtain a simple approximation for the QFI,
where dN/dT is the differential of the Bose distribution (4) with respect to temperature and we point out that the effective decay rate
2 ) is very small. We thus see that the QFI scales as ∝ γ 2 t 2 e −2Γ N t , and for any given temperature (N ) it reaches a maximum value at the time, t max (T ) = Γ −1 N after which it decreases to zero as the coherences (13) decay. This time, however, appears later for smaller values of N leading to the decrease in time of T max (t) seen in Fig. 4 . Still, we want to stress that for any temperature T , the QFI is upper bounded by I T [ρ M (t max (T ))], and that at very large times t t max (T ) the coherences Tr S (ρ ±∓ ) in M vanish such that, according to Eq. (14) , it is left in a statistical mixture ρ M (t) = I/2 with no information regarding the temperature of the bath.
B. A multi-level meter system
For a meter system M of arbitrary dimension n, the quantum Fisher information constitutes a complicated expression even when an analytic expression is known for the mixed state density matrix of the system. Here we treat these cases . For this purpose we apply the following equivalent form of the QFI [35] ,
where #» ρ denotes vectorization of the density matrix ρ. To generalize the two-level example studied in Sec. III A we focus on a meter operatorM = ΩŜ x , whereŜ x is the x-component of the spin in a spin-(n − 1)/2 system. If M is composed of several qubits, we haveŜ x = σ
x operates on qubit i. While identification of the optimal initial state as an equal super position |ψ eq = 1 √ n m |m of the eigenstates ofM was straightforward in the two-level case, the general case is more complicated. Rather than just maximizing the initial coherences, the different values of Figure 5 . Color plot depicting for a range of temperatures T and total probing times t, the Bures distance,
|m of the eigenstates of the operatorM to the initial state |ψop(t, T ) of M , which maximizes the value of IT [ρM (t)]. The dotted, white line tracks the temperature where |ψop(t, T ) = |ψeq . The full, red line tracks the temperature Tmax(t) for which IT [ρM (t)], evaluated with initial meter state |ψM = |ψop(t, T ) , is maximal. Results are shown for a meter system with n = 6 levels.
the Ω mm must be taken into account, and in general we have recourse to numerical maximization of the QFI over all possible initial configurations with positive coefficients c m The optimal state |ψ op (t, T ) depends on both the probing time t and the temperature T . In Fig. 5 we plot the Bures distance of |ψ op (t, T ) from |ψ eq as a function of t and T and for n = 6. It is seen that while |ψ op (t, T ) is in general different from |ψ eq , the discrepancy is moderate and for a given time-dependent temperature (dotted, white curve) it vanishes. This temperature is close but not equal to T max (t) as tracked by the red line. We find that the distance from an equal super position shows a similar functional dependence on t and T for other values of n.
In any real thermometry task, the precise temperature is unknown so rather than defining an initial state |ψ M (t = 0) which depends on the specific value of T , one has recourse to select a specific state regardless of the precise temperature. The results in Fig. 5 and the intuition regarding the role of coherences suggest that in general one can expect near optimal results by setting |ψ M (t = 0) = |ψ eq which we shall assume in the remainder of this section.
We proceed to probe the advantage of adding more levels to the meter system M . We find that I T [ρ M (t)] is maximized around the same time dependent value T max (t) (see Fig. 4(a) ) independently of n, and in Fig. 6 we show the QFI at this temperature as a function of time and for different values of n. It is seen that for all times, I Tmax [ρ M (t)] increases with n, signifying that a higher dimensional meter system allows a larger sensitivity to small temperature variations. This result suggests that the optimal meter system is a harmonic oscillator with an Figure 6 . Time evolution of the quantum Fisher information IT max [ρM (t)] associated with estimating the temperature Tmax(t) which maximizes its value from a local measurement on an n-level meter system coupled to S via a HamiltonianĤI = ΩŜx ⊗ |e e| with Ω = 2γ. Results are shown for n = 2, 3, ..., 30. The inset depicts the relative scaling, r(n) = (I (n+1)
Tmax with n at short times γt = 10 and at long times γt = 100.000.
infinite dimensional Hilbert space. Notice, however, that the gain saturates for larger n as the curves are seen to lie closer and closer. In the inset we quantify this by showing how the relative increase in the QFI as one more level is added to M is (near) time-independent and approaches zero for n 10.
IV. TEMPERATURE DEPENDENCE IN THE LIOVILLIAN SPECTRUM
By discussing the emergence of coherences, we have provided an intuitive understanding of the advantage offered by coupling the sensor S to a meter system M . In this section we explain how this advantage can be understood from the structure of the Liovillian superoperator L = −i[Ĥ I , ·] + L T , governing, via. Eq. (9), the encoding of the temperature in the full sensor-meter state.
In the long time limit, this super-operator will asymptotically bring the joint sensor-meter state to the stationary eigenspace associated with its null eigenvalue. The convergence of this process is exponential and determined by the inverse of the smallest modulus of the real parts of its non-zero eigenvalues. (which by construction are all non-positive). Accordingly, in this regime we can write
where Π 0 is the projector on the null eigenspace of L and the summation involves those non-zero eigenvalues λ j of L that have the smallest (in modulus) real component with corresponding state components ∆ j . The quantum Fisher information (15, 17) refers to the derivative of the state at time t with respect to the temperature, i.e. to
As t diverges only the first term survives and the related QFI derives from
Hence no scaling with time remains, and the QFI is given by that of S alone, Eq. (7). If, however, some eigenvalues indexed by l have real parts very close to zero, the contribution from their part of the spectrum in Eq. (19) persist for very long and one may indeed see terms in the QFI (17) scaling as ∝ t 2 until times t Re(λ l ) −1 . In other words, allowing the temperature to be encoded in the eigenvalues and not just the projectors may provide a significant metrological advantage. This is exactly the case for our thermometer device. For the two-level example of Sec. III A, we show in Fig. 7 the real and imaginary parts of the four eigenvalues with largest real parts as a function Ω for a temperature k B T = 0.2 ω. Without a meter (Ω = 0), the four eigenvalues are all zero. The effect of adding a meter (Ω > 0) is to lift the degeneracy of two of the eigenvalues
while the other two (s = 1, 2), corresponding to the steady state, remain zero. The very small value of |Re(λ l )| combined with non-zero, temperature (N ) dependent values of Im(λ l ) are crucial for the success of our thermometer.
V. CONCLUSION AND OUTLOOK
We have proposed a quantum thermometer which maps the incoherent encoding of a temperature from a sensor system to coherences in a meter system by a realistic Hamiltonian interaction. The coherent encoding allows the meter state to exhibit a much larger temperaturesensitivity than the sensor state alone. While an effective two-level system has been identified as an optimal temperature sensor [2] , we find that the sensitivity increases with the dimensionality of the the meter system. For simplicity we focused on bosonic bath in our presentation but calculations show that similar results are valid in the case of a fermionic reservoir.
From our examples, it is clear that the achievements and sensitivity range of our thermometer device depends in a complicated manner on the strength and the spectrum of the interaction Hamiltonian (8), on the initial preparation of the meter system, and on the total time t available in a given experiment. Hence, an appropriate meter should be designed for the specific task at hand, e.g taking into account the expected temperature and experimental constraints.
In a broader context, our protocol effectively increases the sensitivity to an unknown parameter g by interfering with the encoding of that parameter in the state of a quantum system. Such possibilities are highly relevant but yet fairly unexplored in quantum metrology. It has been proven that the QFI associated with an unitary encoding by a Hamiltonian of the formĤ(g) = gĤ 0 can not be enhanced by adding a second g-independent Hamiltonian term [36] . However, the protocol presented in the current work constitutes an example where the sensitivity to a parameter (temperature), encoded by an incoherent interaction with a bath, is in fact improved by adding a suitable Hamiltonian interaction. It would be interesting to investigate more generally under which circumstances and how such an improvement is possible when parameters are encoded in an open system by a Liovillian operator. Such an analysis could be guided by the ideas presented in Sec. IV where we interpret the success of our proposal in terms of a decomposition of the Liovillian.
